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Abstract. We investigated recent observation data of pulsar masses
of PSR J0740+6620, PSR J0348+0432, and PSR J1614−2230 based
on the extended σ-ω model. We assumed that these pulsars are max-
imal mass compact star, which suggest that the core approximation
can be applied. Using the linear relations between the microscopic and
macroscopic parameters of neutron stars suggested by this model, we
estimated the values of the nucleon Landau mass and nuclear com-
pressibility mL = 776.0
+38.5
−84.9 MeV and K = 242.7
+57.2
−28.0, respectively.
1 Introduction
Pulsar’s observables depend on the properties of the inner super-dense nuclear matter.
Variation of the nature of the microscopic interactions and their parameters in the
underlying nuclear theory can modify the magnitude of the mass and radius of a
compact star. The inverse direction of this problem is to estimate nuclear parameters
from neutron star observables, which is challenging due to the masquarade problem:
even large variation of the nuclear parameters and the change of the interaction terms
result in stars with very similar macroscopic observable properties.
The effect of different interaction terms and the tuning of the nuclear parameter
values in the Lagrangian has been presented so far for the case of the extended σ-
ω model [1]. Linear dependence of the maximal mass and the corresponding radius
parameters on the Landau mass mL, compressibility K, and nuclear asymmetry asym
was observed and fitted for the maximal mass (MMS) neutron star scenario. A general
ordering in the strengths of these properties variation has been also obtained for the
maximum mass star:
∆Mmax(δmL)
10×
> ∆Mmax(δK)
10×
> ∆Mmax(δasym).
Applying our phenomenological linear formulae we could determine precisely the
Landau effective mass value, mL ≈ 780 MeV, which was consistent with our prelimi-
nary Bayesian analysis in Ref. [2] as well. Here we investigate the subsequent param-
eter in the above order, the compressibility K, which certainly has less impact on the
maximal mass, than the radius, R [3–6]. Using our linear fits we present the parameter
domain structure, while taking mass observation data from PSR J0740+6620 [7], PSR
J0348+0432 [8], and PSR J1614−2230 [9], we estimate the mean K value including
the uncertainties originating from both the theory and the data.
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2 The model and the equation of state
One of the most common description of the compact star’s interior is the σ-ω model,
which can be extended by further interactions [1, 10]. This model describes protons,
electrons, and neutrons in β-equilibrium and approximates the nuclear force by intro-
ducing the σ, ω, and ρ meson with higher-order self-interaction terms for the scalar
meson. This model is the simplest one, which is able to describe the measured pulsars’
mass and radius values, however more sophisticated descriptions are also available. In
this study we focus on the connection between macro- and microscopical parameters,
which led us to estimate nuclear parameters with high precision from pulsar data.
The investigated Lagrange-function corresponding to the extended σ-ω model is,
L = Ψ (i/∂ −mN + gσσ − gω /ω + gρ/ρaτa)Ψ + Ψe (i/∂ −me)Ψe (1)
+
1
2
σ
(
∂2 −m2σ
)
σ − Ui(σ)− 1
4
ωµνω
µν +
1
2
m2ω ω
µωµ − 1
4
ρaµν ρ
µν a +
1
2
m2ρ ρ
a
µ ρ
µa
where Ψ = (Ψn, Ψp) is the vector of proton and neutron fields, mN mσ mω are the
masses of the nucleons and σ and ω mesons, respectively. Furthermore gσ, gω, and gρ
are the Yukawa couplings corresponding to the σ-nucleon, ω-nucleon, and ρ-nucleon
interactions, respectively. The kinetic terms corresponding to the ω and ρ meson are
written as,
ωµν = ∂µων − ∂νωµ and ρaµν = ∂µρaν − ∂νρaµ + grhoabcρbµρcν . (2)
In eq. (2), Ui(σ) is a self interaction term for the σ-meson and it has the following
parametrization in this study:
U34(σ) = λ3σ
3 + λ4σ
4 . (3)
We considered this model in the mean-field approximation at zero temperature and
finite chemical potential. These assumptions simplify eq. (2), where components of
the mesons has non-zero value: ω0 = ω and ρ
3
0 = ρ, but kinetic terms are disappeared.
From this point the free energy corresponding to the model can be calculated as it is
described in for example in Ref. [11]:
fT = fF (mN − gσσ, µp − gωω + gρρ) + fF (mN − gσσ, µn − gωω − gρρ) + fF (me, µe)
+
1
2
m2σσ
2 + Ui(σ)− 1
2
m2ωω
2 − 1
2
m2ρρ
2 , (4)
where µp, µn and µe are the proton, neutron, and electron chemical potential, re-
spectively. The fF term describes the free energy contribution corresponding to one
fermionic degree of freedom, as usual
fF (T,m, µ) = −2T
∫
d3k
(2pi)3
ln
[
1 + e−β(Ek−µ)
]
(5)
where E2k = k
2 +m2. In the cold, T → 0 approximation, the description of the dense
nuclear matter of the compact star, means that the fermionic free energy has only
two variables fF (m,µ). The free parameters of the model are determined by using
nuclear saturation data [12,13]. The values used to fit the model are the binding energy
B = −16.3 MeV, the saturation density, n0 = 0.156 fm-3, the nucleon effective mass,
m∗ = 0.6mN , the nucleon Landau mass mL = 0.83mN , together with compressibility
and asymmetry energy K = 240 MeV and asym = 32.5 MeV, respectively. Following
Ref. [12], the Landau mass is defined as,
mL =
kF
vF
with vF =
∂Ek
∂k
∣∣∣∣
k=kF
. (6)
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Where k = kF the Fermi-surface and Ek is the dispersion relation of the nucleons. The
Landau mass is closely related to the effective nucleon mass in mean field theories:
mL =
√
k2F +m
2
N,eff . (7)
The connection between the Landau mass and the nucleon effective mass can not let
us to fit simultaneously both [13]. In this paper first the model is fitted to reproduce
the data given above, except for the Landau and the effective nucleon mass. Then after
getting the optimal Landau mass value, we estimate the values for the compressibility
as well.
These parameters are kept free and determined by comparing the mass radius
diagrams corresponding to different values of the Landau mass to neutron star obser-
vations. The compression modulus of the nuclear matter is defined as in Refs. [12,14]:
K = k2F
∂2
∂k2F
( 
n
)
= 9n2
∂2
∂n2
( 
n
)
. (8)
The asymmetry energy term originates from that nuclear force acting differently
between proton and neutron states, and we can define it as,
asym =
1
2
∂2
∂t2
( 
n
)∣∣∣∣
t=0
(9)
where t =
nn−np
nB
is the relative fraction of the proton and neutron degrees of freedom.
It’s value is fitted as it is described for example in Ref. [12], but as we pointed out
in Ref. [1] the value of the symmetry energy plays negligible role for maximal mass
stars as it is well known from Refs. [3–6].
For the general relativistic description of the compact stars we assumed the usual
static picture in spherically symmetric space-time [12, 15]. We calculated the mass-
radius diagram by the Tolman – Oppenheimer – Volkoff equations (TOV) [16,17],
dp(r)
dr
= −G(r)m(r)
r2
×
[
1 +
p(r)
(r)
] [
1 +
4pir3p(r)
m(r)
] [
1− 2Gm(r)
r
]−1
dm(r)
dr
= 4pir2(r)
(10)
where p(r) and (r) are the pressure and energy density as functions of the radius of
the star, G is the gravitational constant while m(r) is the mass of the star which is
included in the mass shells up to the radius, r. To integrate the equations one need
a connection between p(r) and (r) at given r, which is provided by the equation of
state (EoS) in the form of the relation p(r) = p((r)). To start the integration one
has to choose a central energy density value, c for the star as an initial condition.
To focus our investigation on the effect of the nuclear matter we integrated the
TOV equations in the following way. Normally the integration is stopped when p(r =
R) = 0. However to get the correct result the EoS used to describe the neutron star
at high densities is complemented by a low density EoS which describes the neutron
star’s crust. This introduces further parameters into the model description hence
makes it harder to separate whether the observed effect can be attributed to the high
density nuclear matter parameters or the low density EoS.
To circumvent this we employed a different stopping condition for the integration
based on recent Ref. [1], p(r = R′) = p0. Here p0 is chosen such a way that the
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integration stops at the core of the neutron star, so the integration does not take into
account the effect of the crust and the low density EoS. To get a good approximation
for p0 we used the well known BPS nuclear equation of state which is used to describe
the crust of neutron stars [12, 18]. We used the highest pressure value for p0 where
the BPS EoS can still be considered valid.
The calculated R′ in this case corresponds to the radius of the neutron star core.
The mass and radius data calculated this generally can be considered a conservative
approximation of the neutron star parameters, however in the case of the maximum
mass star the deviations from the normal case are insignificant [1].
3 Connecting macroscopic and microscopic parameters
Recent observations of precise maximal-mass pulsar data led us to characterize the
effect of the most relevant parameter of the extended σ-ω model, the Landau mass,
mL. As a function of this microscopical nuclear property, we calculated the M -R
diagram and determined the mass and radius of the maximal mass stars (MMS).
In this case we used the core approximation from Ref. [1]. Assuming maximal mass
stars, we found linear dependence of both MmaxM and RmaxM on the mL, given by
the independent, one-parameter formulae for asymmetric nuclear matter1. In those
cases where the Landau mass was optimized, we used the values from the saturated
nuclear matter for the further nuclear parameters, K and asym. Linear formulae for
MMS stars’ maximal mass and radius as a function of mL were fitted independently
with 0.8% and 17% theoretical uncertainty, respectively, following Ref. [1]:
MmaxM (mL)[M] = 5.418− 0.00434mL[MeV] , (11)
RmaxM (mL)[km] = 19.04− 0.01040mL[MeV] . (12)
We found, the variation of the Landau mass values, δmL generates about an
order of magnitude larger effect on the macroscopical observables, than tuning the
compressibility, δK. Thus the compressibility plays a second-order role in the mass
and radius parameters of the MMS class compact objects, similarly as the role of
compressibility appears in measurements of high-energy nuclear collisions [19]. Since
the phenomenological linear fits have about 10% uncertainty, and the mean Landau
mass was consistent for all the pulsars considered as MMS, one can try to make
further fits for the compressibility values as well. After fixing the mL by the MMS
observations we can also obtain linear, one-parameter dependence on the parameter
K with theoretical uncertainties, . 2 % and . 14 %, respectively,
MmaxM [M] = 1.766 + 0.00110K [MeV] , (13)
RmaxM [km] = 8.878 + 0.00767K [MeV] . (14)
Dependence on the compressibility in eqs. (13)-(14) have slope values with positive
trends, which works against the negative slope values of the Landau mass dependence
in eqs. (11)-(12). This means by increasing the compressibility, makes an MMS com-
pact star more massive and larger – as the equation of state gets softer. Finally, the
effect of the variation of the K is about 7 times stronger for the radius of the maximal
mass star, than for the mass.
Using the astrophysical observation data so far, and assuming maximum mass pul-
sars, such as: PSR J0740+6620 [7], PSR J0348+0432 [8], and PSR J1614−2230 [9],
we obtained the optimal Landau mass values for each pulsar in Table 1 and with the
1 We note, in Ref. [10] symmetric matter were investigated with similar results.
Will be inserted by the editor 5
average of mL = 776.0
+38.5
−84.9 MeV, similarly as in Ref. [1]. Furthermore, the compress-
ibility can be also given by the independent formulae (13)-(14), thus we can use them
to extend Table 1 with the compressibility values and the uncertainties indeed. For
this case we calculated the mean compressibility value of K = 242.7+57.2−28.0 MeV, which
agrees well with the saturated nuclear matter data. The radius of the maximal-mass
neutron star is also calculated form eq. (12). One can also obtain radii of the maximal
mass stars form eq. (14). Both estimates overlap within the errorbars, but the latter
one is more affected by the uncertainties.
Pulsar RmaxM [km] MmaxM [M] mL[MeV] K[MeV]
PSR J0740+6620 11.25+1.06−1.04 2.17
+0.11 ∗
−0.10 748.39
+63.3
−57.2 351.8
+115
−84.5
PSR J0348+0432 10.87+0.82−0.80 2.01
+0.04 ∗
−0.04 785.25
+20.0
−20.3 206.4
+42.7
−20.5
PSR J1614−2230 10.77+0.82−0.80 1.97+0.04 ∗−0.04 794.47+20.1−20.4 170.0+15.5−20.9
Table 1. The Landau mass, mL and compressiblity, K values calculated via eqs. (11)
and (13) from measured pulsar mass data denoted by ’∗’, and assuming that these are
maximal-mass neutron stars. The radii of these MMS stars are calculated by eq. (12).
On Fig. 3-1 we plotted the evolution of the maximal mass and its radius depen-
dence for the case of maximum mass stars (MMS). On the top panel the projections
of MmaxM (mL,K) are presented, where each function-line of K was calculated for
a fixed mL value. At the lowest mL = 560 MeV value the K-dependence is almost
constant and it provides a 3 M star independently of the K values. As getting
the highest value at mL = 800 MeV, lines are grouped with the same slope, but with
lower offset. Pulsar mass data of PSR J0740+6620 [7], PSR J0348+0432 [8], and PSR
J1614−2230 [9] are indicated on Fig. 3-1 with color markers. Uncertainties are plotted
as errorbars and color-shaded areas, which include both errors from the observations
data and from the phenomenological fits.
Similar plot is shown on the bottom panel of Fig. 3-1 for the RmaxM (mL,K).
This presents steeper slope for the MMS star radii but with similar trends as on
the top panel the MmaxM (mL,K) curves. Radius of the MMS star at the lowest
mL = 560 MeV value results almost constant, RmaxM ≈ 14 km star for any K
values. While towards to the highest mL = 800 MeV the offsets decrease and the
slopes increase, and finally this provides a lower boundary with a turning point in
the (mL,K) parameter space. In addition to this, the calculated MMS pulsar radius
data from eqs. (15) and (16) is also plotted. Note, errorbars and shaded areas were
calculated from the theoretical uncertainties and observational data constraints.
The above independent linear fits were expanded around the saturated nuclear
matter values, but we can further improve these phenomenological formulae and
present fits in the wider nuclear parameter domain used on Fig. 3-1. The range of
550 MeV < mL < 800 MeV is compatible with effective nucleon mass given by the
various equation of states at saturation [5], while for the compressibility interval,
K < 450 MeV was chosen for our investigation. Within this wide domain the entan-
glement of the mL and K parameters presents. Dependence on these variables are not
independent any more, but can be factorized into joint formulae, including higher-
order, cross-product terms for the MmaxM (mL,K) and RmaxM (mL,K) expressions,
respectively:
MmaxM [M] = 6.29− 0.00574mL [MeV]− 0.00379K [MeV] + 0.00000524mL ·K [MeV2] , (15)
RmaxM [km] = 27.51− 0.0239mL [MeV]− 0.0241K [MeV] + 0.0000411mL ·K [MeV2] . (16)
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Fig. 3-1. Mass (top panel) and radius (bottom panel) of the maximal mass star. Curves are
drawn as function of K at various physical mL values, denoted as color lines. Comparisons
to pulsar data of PSR J0740+6620 [7], PSR J0348+0432 [8], and PSR J1614−2230 [9] are
also plotted.
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These phenomenological expressions were expanded around the averaged param-
eter values obtained by the constraints from the astronomical MMS pulsar data ob-
servations. Considering eqs. (15) and (16), one can see that the offset values for both
nuclear parameters got larger. On the contrary, all the linear slopes become negative,
which are compensated by positive cross-product terms of the Landau mass and the
compressibility, mL ·K.
We note, taking expressions (15) and (16) at their averaged parameter values, one
can get back the original independent, one-parameter equations, however these have
slightly different values and larger uncertainties of about 20%. This difference reflects
the consequences of the ’linearization’ of the complex and entangled nuclear parameter
dependence in the physical-relevant domain – as it was presented in Ref. [20] as well
as the limited observational constraints.
4 Discussion of the results
To explore the proper cross-dependence between mL and K, we investigated the mass
and radius configurations of compact stars within the extended σ-ω model and using a
wide survey on the parameter values. We used the interval 550 MeV≤ mL ≤800 MeV
and we mapped the configurations for the K ≤ 450 MeV values. The analysis was
restricted to maximal mass compact stars (MMS) only, where the core approximation
can be applied. For the parameter analysis we calculated maximal mass and the corre-
sponding radius values as the function of the mL and K. We found that the variation
of the compressibility modifies the Landau mass values as well, and this works vice
versa. This appears as 5-10% variation in the values of slopes and the offset parame-
ters of the maximal mass and the corresponding radius formulae. It is interesting to
see, that in the linear approximations, a natural limit or turning point is present for
the MmaxM (mL,K) and RmaxM (mL,K) expressions within the physically-relevant
parameter domain, around the highest mL values. One can identify the ’masquarade
problem’ as an induced uncertainty of this dense parameter domain transmitted via
the Tolman – Oppenheimer – Volkoff equations to macroscopic observables.
On Figure 4-1 the microscopical nuclear parameter domain of the Landau mass
and the compressibility is plotted in order to summarize and compare the obtained
microscopical nuclear parameter values. Color markers are for the pulsar data and the
black point is for the average value calculated from the astrophysical data constraints.
We indicated with dashed line the interconnected data points used in the expansions
above with a conservative uncertainty estimate (shaded area).
Thanks to the maximal mass star assumption we obtained relatively-precise phe-
nomenological formulae, thus the average of the Landau mass values and the com-
pressiblity can be estimated mL = 776.0
+38.5
−84.9 MeV and K = 242.7
+57.2
−28.0 MeV, respec-
tively. These results are well-compatible with the saturated nuclear matter parame-
ters, and also overlaps with the parameter domain of various equation of states as
summarized in Ref. [5]. Within these mean field models the effective nucleon mass is
typically 0.54mN < m
∗ < 0.8mN , therefore our average values overlap with the range
of the Landau mass, assuming mL ≈ 1.4m∗. Furthermore, the predicted compressibil-
ity values are within the range of 203 MeV< K < 275 MeV, accordingly [5]. Moreover,
laboratory measurements of K ≈ 240± 20 MeV also support our result [21–24].
As a cross-check, our recent phenomenological results from the linear approxi-
mations can be also compared to a more general Bayesian analysis using the same
extended σ-ω model based calculation. In our early work, we have estimated mL =
750±15 MeV by a complex method, however in this study we varied only one param-
eter, while keeping the others fixed with values of n0 = 0.156 fm
-3, K = 240 MeV and
asym = 32.5 MeV [2]. In the improved continuation of this investigation, we used a
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Fig. 4-1. The nuclear model parameter space of K and mL is plotted with values estimated
from pulsar data of PSR J0740+6620 [7], PSR J0348+0432 [8], and PSR J1614−2230 [9].
Fit line and average microscopic data value with uncertainty is also marked.
set of 103 equation of states with the combinations of the nuclear parameter values of
mL, K, and asym. In this analysis the applied scenarios were constrained by gravita-
tional wave measurements and measured compact star radii data as well, and certainly
here crust was also included. The obtained parameters are: mL = 727.4 ± 15 MeV,
K = 232± 20 MeV, and asym = 31.8± 3.8 MeV [20].
5 Summary
We investigated the consequences of precise pulsar mass measurements in relation
with the extended σ-ω mean field model of the cold super-dense nuclear matter.
We selected pulsar mass data: PSR J0740+6620 [7], PSR J0348+0432 [8], and PSR
J1614−2230 [9] assuming that these are maximal mass stars (MMS), for which the
core approximation from Ref. [1] is suitable. By this assumption: observational pa-
rameters of these MMS are mainly determined by the core of the star and crust plays
negligible role on the mass and radius of the star around the highest mass values.
We have found that the microscopical nuclear parameters: Landau mass, mL and
nuclear compressibilityK, determine well the mass and radius of the MMS around this
point. Since the extended σ-ω model describes well the core of a compact object with
limited number of parameters, we obtained linear relations between the microscopic
and macroscopic parameters of maximal mass stars within 10% precision.
Expanding our formulae around these parameters, results in two-parameter func-
tions for the MmaxM (mL,K) and RmaxM (mL,K). We investigated the relations be-
tween microscopic parameters and macroscopical observables. Although the struc-
ture of the microscopical parameter domain suggested the presence of the masqua-
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rade problem, combining pulsar data with the phenomenological formulae, led us to
determine the value of the nucleon Landau mass and the nuclear compressibility,
mL = 776.0
+38.5
−84.9 MeV and K = 242.7
+57.2
−28.0 MeV, respectively. Moreover the missing
radius parameters for MMS were also obtained with R = 10.96+1.35−1.00.
However, our obtained results are specified for MMS stars only, but we have
found them consistent with a more complex study applying Bayesian algorithm for
the determination of the microscopical nuclear matter parameters in Refs. [2, 20].
Within the framework of this more general method it is allowed to use not only
maximal mass star data, but other arbitrary mass and radius measurements. Since
both the obtained microscopical parameter values and the predicted observational
data are consistent if constraints are the same, this supports well the applicability of
our phenomenological linear formulae of the present investigation.
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